We study a proper subset of polyominoes, called polygonal polyominoes, which are defined to be self-avoiding polygons containing any number of holes, each of which is a self-avoiding polygon. The staircase polygon subset, with staircase holes, is also discussed. The internal holes have no common vertices with each other, nor any common vertices with the surrounding polygon. There are no 'holes-within-holes'. We use the finite-lattice method to count the number of polygonal polyominoes on the square lattice. Series have been derived for both the perimeter and area generating functions. It is known that while the critical point is unchanged by a finite number of holes, when the number of holes is unrestricted the critical point changes. The area generating function coefficients grow exponentially, with a growth constant greater than that for polygons with a finite number of holes, but less than that of polyominoes. We provide an estimate for this growth constant and prove that it is strictly less than that for polyominoes. Also, we prove that, enumerating by perimeter, the generating function of polygonal polyominoes has zero radius of convergence and furthermore we calculate the dominant asymptotics of its coefficients using rigorous bounds.
Introduction
In an earlier paper [1] the problem of punctured polygons was studied. Punctured polygons are self-avoiding polygons (SAPs) with a fixed finite number of holes or punctures, each hole being a SAP. Similarly, staircase polygons with a finite number of staircase holes were also investigated. Topologically, the objects look like the cross section of a slab of Emmenthaler cheese or foam rubber. There is a boundary polygon, containing disjoint polygons which do not touch the boundary. It was shown that the connective constant is unchanged for any finite number of holes. This result was first proved for area enumeration in [2, 3] , and for enumeration by perimeter in [1] . Further, when enumerating by area, the critical exponent was found to increase by 1 per puncture [2, 3] , while when enumerating by perimeter the critical exponent was found to increase by 3/2 per puncture [1] .
A SAP can be defined as a walk on a lattice which returns to the origin and has no other self-intersections. Alternatively we can define a SAP as a connected sub-graph (of a lattice) whose vertices are of degree 2. The history and significance of this problem is nicely discussed in [4] . Generally SAPs are considered distinct up to a translation, so if there are p n SAPs of length n there are 2np n returns (the factor of two arising since the walk can go in two directions). A polygonal polyomino, hereinafter abbreviated to PP, is defined as a SAP with an arbitrary number of holes, with the perimeter of each hole itself being a SAP. In other words a polygonal polyomino is a SAP enclosing an arbitrary number of SAPs each of which contains no further SAP. Another name for a polygonal polyomino is an arbitrarily punctured polygon. A staircase PP (hereinafter called an SPP) is a staircase polygon containing an arbitrary number of disjoint staircase holes.
The model is of interest for several reasons. Firstly, it interpolates between two important, unsolved problems: the enumeration by area of polygons and of polyominoes. All available numerical evidence supports the conclusion that the growth constants, or, equivalently, critical points of these two models differ. A simple proof of this result is given in section 3.1. We know that [2] , with a finite number of punctures, the growth constant of polygons does not change. The proposed model aids in our understanding of the key features in regulating asymptotic behaviour of lattice objects. In fact we also know that allowing an arbitrary number of punctures gives an increase in the connective constant [2] compared to finitely punctured polygons, though, we find and prove here, not to the same value as that for polyominoes. Thus the model truly interpolates, being exponentially more numerous than polygons, and exponentially less numerous than polyominoes. This then permits us to conclude that the dominant class of polyominoes is those with vertices of degree four. Another reason the model is interesting is that it corresponds to a previously undiscussed model of site animals, by virtue of the well known bond-site transformation that exists between polyominoes and site animals. It is also well known that polygons model biological vesicles. These may contain occlusions, or bubbles, which would then be modelled more realistically by polygonal polyominoes, rather than polyominoes.
The two principal questions one can ask are 'how many polygonal polyominoes, distinct up to a translation, are there of perimeter 2n?' and 'how many polygonal polyominoes, distinct up to a translation, are there of area m?' To avoid any possible confusion in our definition of polygonal polyominoes, we restate that the punctures are disjoint-there are no degree four vertices in the objects we are considering.
For unpunctured polygons, enumerated by perimeter, the most recent results are reported in [5] , where polygons of perimeter up to 90 steps are given. In that paper analysis of the polygon perimeter generating function led to the conclusion that
where p (0) 2n is the number of unpunctured polygons of perimeter 2n, and more generally, p
is the number of k-punctured polygons of total perimeter 2n, µ = 2.638 158 530 34(10),
It was also concluded that there was no evidence for a non-analytic correction-to-scaling exponent, so that the asymptotic form of the coefficients behaves as
The connective constant µ is of course the same as that for self-avoiding walks on the same lattice [4] . For polygon areas the most recent published work appears to be [1] , in which the first 42 terms of the area generating function were given and analysed. In that work it was found that
where a (0) m is the number of unpunctured polygons of area m, and, more generally, a (k) m is the number of k-punctured polygons of area m, κ = 3.970 943 97(9) and various amplitudes are estimated. It was also found that the asymptotic form of the coefficients satisfied
Estimates of the first few amplitudes c i were also given. Note that κ is slightly smaller than the growth constant for the related problem of polyominoes [6] . For the polyomino problem, Jensen and Guttmann [7] estimated the connective constant, on the basis of an enumeration to 46 terms, to be τ ≈ 4.062 570 (8) .
Note that polygons are just the hole-free subset of square-lattice polyominoes. Further, PPs differ from polyominoes only by the exclusion of configurations in which corners of polygons are allowed to touch. That is to say, configurations with vertices of degree four are permitted for polyominoes, but not for PPs.
For PPs, the basic problem is, analogously, the calculation of the generating functionŝ
From the generating functions, one then wishes to deduce the asymptotic behaviour. We use the method of series analysis to investigate the PP area generating function. That the coefficientŝ a m =κ m+o(m) was proved in [2] , along with the result thatκ > κ, but no estimate ofκ (or κ) was given, nor its relationship to τ .
For the perimeter generating function we prove here that the radius of convergence is zero and furthermore that the coefficients grow likep 2n = (2n) n/2+o(n) . The radius of convergence of the analogous full polyomino generating function can be deduced to be zero from earlier work on strongly embedded lattice animals (which are none other than polyominoes) counted by monomer-solvent contacts [8] since the number of monomer-solvent contacts equals the total perimeter of the animals on the lattice dual to that which the animals sit. Note that the set of PPs is a subset of full polyominoes. On the other hand the bounds we give for PPs also hold for full polyominoes so that their number also grows asp 2n = (2n) n/2+o(n) , strengthening the result in [8] .
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The methods of series analysis are discussed in section 2. The area series and the results of the analysis are presented in section 3 along with our rigorous results. The perimeter series and the discussion of their behaviour are presented in section 4 along with our rigorous results. In section 5 we show how the change in the connective constant for PPs relates to the amplitudes of the generating functions for k-punctured polygons.
Analysis of the series enumerations
Both area series are characterized by coefficients which grow exponentially, with sub-dominant terms given by a critical exponent. (The first clause is rigorously true as discussed above, the second unproved, except for solved models, but is universally accepted.) The generic generating function behaviour is
and hence the coefficients of the generating function
The radius of convergence of the generating function is usually given by the critical point, which is at z = 1/σ, where σ is often referred to as the connective constant.
We used a number of methods to analyse the series studied in this paper. Firstly, to obtain the singularity structure of the generating function we used the numerical method of differential approximants [9] . In particular, we used this method to estimate the growth constant σ and the critical exponent ξ . For PPs we were able to conjecture an exact value for ξ . Imposing this conjectured exponent permitted a refinement of the estimate of the growth constant-providing so-called biased estimates.
While the foregoing analysis method worked well for PPs, it worked less well for SPPs. In that case we reverted to simpler methods based on the ratio method and its refinements [9] .
For the first stage of the analysis, the method of differential approximants, we proceeded as follows. Estimates of the critical point and critical exponent were obtained by averaging
For each order L of the inhomogeneous polynomial we averaged over those approximants to the series which used at least the first 80-90% of the terms of the series, and used approximants such that the difference between N , M and K did not exceed 2. These are therefore 'diagonal' approximants. Some approximants were excluded from the averages because the estimates were obviously spurious. The error quoted for these estimates reflects the spread (basically one standard deviation) among the approximants. Note that these error bounds should not be viewed as a measure of the true error as they cannot include possible systematic sources of error. However systematic error can also be taken into account in favourable situations, as, for example, in the case of SAP enumerated by perimeter [5] . Again, in the interests of space, we present only our results, and not the intermediate detail from which our estimates were made. An example in full detail for a similar series to those investigated in this study can be found in [5] . We turn now to the analysis of the series.
Polygonal polyominoes by area
Before giving the results of our series analysis we present some bounds on the growth constants of PPs and SPPs enumerated by area.
Bounds for the growth constant of polygonal polyominoes enumerated by area
We have already defined κ as the growth constant, or connective constant, for the number of polygons enumerated by the number of cells, or, equivalently, area. We have also denoted by τ the connective constant for polyominoes (enumerated by the number of cells, or equivalently, by area), and denoted byκ the analogous constant for polygonal polyominoes. The existence of all three constants follows directly from concatenation arguments and the existence of an upper bound to the nth root of the coefficient of the term conjugate to area n. A review of such arguments can be found in [10] . We note again that in [2] the existence ofκ was proved and κ <κ was also proved. We provide an alternative proof of this result below and expand the inequality to include τ .
We can similarly define three such constants for staircase polygons, staircase polygonal polygons and staircase polyominoes enumerated by area. Let these be η,η and ζ respectively.
Prior to our numerical analysis, we first outline a proof that κ <κ < τ, and η <η < ζ, based on a recent theorem due to Madras [11] (theorem 2.1, p 366) .
Applied to the types of 'cluster' (embedded graph) enumerated by area that we are considering, the theorem may be loosely stated as follows. Let G n be such a cluster of area n, and λ = lim n→∞ (G n ) 1/n . Let it contain an arbitrary number of patterns P satisfying axioms given below. (Importantly, this arbitrary number is at least linear in n.) For example, polyominoes can contain an arbitrary number of figure-eight graphs 1 . Let G n [ m, P ] be the set of such clusters containing at most m translates of a pattern P . Then there exists an > 0 such that
Note that the inequality is strict.
Consider as a pattern a unit square. SAPs and k-punctured SAPs contain only a finite number (k) of these patterns. PPs on the other hand contain an arbitrary number. It therefore follows that κ <κ. Repeating the argument with a different pattern, that of two unit squares joined corner to corner, a so-called figure eight topology, we again see that PPs have none of these, while polyominoes have an arbitrary number. Thusκ < τ.
The three axioms that must be satisfied are as follows. (i) Translational invariance. This is immediately satisfied by the problem specification. (ii) If the clusters are weighted, the weight function must satisfy a certain property. In our case, all weights are unity, and the property is thus automatically satisfied. The final axiom is relevant. It states that one can define a new cluster by altering sites and bonds inside a specified set of sites (the pattern in question) and a translation from a specified site to create a (possibly translated) occurrence of a specified pattern, while leaving everything outside the new cluster unchanged. To ensure that this axiom is satisfied, we have to ensure that the surgery carried out, in which a frame or window is placed around a pattern, in going from one model to another does not change the topology of a pattern. In our case the concern is that a polygon pattern might change to a figure eight. This situation can be accommodated by making the frame of finite thickness (one lattice spacing) rather than of zero thickness.
The analogous result for staircase polygons, PPs and polyominoes also follows immediately. That is to say, η <η < ζ .
Analysis of staircase polygonal polyominoes by area
For SPPs we have generated a 75-term series. We denote the generating functionŜ(y) = ŝ m y m , whereŝ m is the number of SPPs of area m. Differential approximant analysis gave predominantly defective approximants, and a strong indication of several confluent singularities. Accordingly we abandoned that method of analysis, and instead looked at the results of the ratio method. Ratio plots, enhanced by Neville table extrapolation, gave sequences of estimates of the connective constant that were monotonically increasing. This behaviour allowed us to conclude that the growth constantη > 2.36, and in factη ≈ 2.365, where we expect the error to be confined to the last quoted digit. For staircase polygons with a finite number of staircase holes, [1] , the growth constant is known to be η = 2.309 138 . . . <η. With such an imprecise estimate of the connective constant for SPPs, it is not surprising that we can only imprecisely estimate the exponent. While the staircase polygon area generating function has a simple pole singularity, the SPP generating function appears to have a slightly sharper singularity, but we really cannot say much more than that
and henceŝ
whereη = 2.365 ± 0.005, and θ = 1.25 ± 0.25. Thus it is possible that the generating function has a simple pole, just like its unpunctured counterpart-but with a different connective constant. While we consider this the most likely scenario, the series analysis does indicate a slightly higher value for the exponent.
Analysis of polygonal polyominoes by area
For polygonal polygons, we have obtained 40 terms in the generating functionÂ(y). Our analysis based on the method of differential approximants strongly suggests that the generating functionÂ(y) behaves similarly to its unpunctured counterpart, but with a slightly larger connective constant. More precisely, we find
withκ ≈ 3.980 503, where we expect the error to be restricted to the last quoted digit. Hence, our numerical results are consistent with the proven inequality κ <κ < τ. However, unlike the situation for unpunctured polygons, we were unable to obtain convincing numerical evidence for the nature of the sub-dominant singularities, except to find that the situation appears more complex than that for unpunctured polygons, in which case we found that the asymptotic form of the coefficients satisfied (1.4).
Polygonal polyominoes by perimeter
Before giving the results of our series analysis we present some bounds on the number of PPs and SPPs enumerated by perimeter and associated rigorous results for the dominant asymptotic behaviour of these numbers.
Bounds for the number of arbitrarily punctured polygons enumerated by perimeter
Recall that p (k) 2n is the number of punctured polygons with k polygonal holes of total perimeter 2n. The polygons and all the holes are taken to be SAPs on the square lattice. Furthermore all polygons mutually avoid each other. Letp 2n be the number of punctured polygons with an arbitrary number of such holes of total perimeter 2n (i.e. polygonal polyominoes). Hence,
Note, however, the sum (4.1) has only a finite number of terms for any fixed n and there exists a number k x depending on n such that k x (n) is the maximum number of holes possible for a In this section we shall accomplish two tasks. Firstly, we construct upper and lower bounds forp 2n . Secondly, we shall use these bounds to show that the limit lim n→∞ logp 2n 2n log 2n (4.2) exists and is equal to 1/4. Hence, the normal free energy defined as the limit
is infinite. To begin, since every SPP is a PP it should be clear that
We shall first construct various lower bounds forp 2n , which we label L (k) 2n . Consider a square of side 2m + 1 on the square lattice and k unit square polygons (each having perimeter four). The total perimeter for such a collection is 2n = 4(2m + 1 + k).
(4.5)
Now consider placing the k unit square polygons inside the larger square to form punctured polygons. Let us restrict the places where we put the unit squares so they are mutually avoiding by construction: we shall restrict these placement positions to the sparse-checkerboard positions as in figure 1 . There are m 2 such placement positions inside the larger square. Let L (k) 2n be the number of ways of placing k unit square polygons inside a square of side 2m + 1 to give a total perimeter as in (4.5). Each configuration so generated is a valid punctured polygon since each of the constituents are SAPs (they are all squares) and they have been constructed to be mutually avoiding. The numbers L (k) 2n are given by
Since squares are also staircase polygons we immediately have that
for all m 1 and for 0 k m 2 . This gives us lower bounds for all even values of n 6. To obtain lower bounds for n odd simply consider enlarging the outer square of our constructed configurations for n even by two steps: one can do this by adding a face adjacent to and outside the square to the inside of the punctured polygon (that is, shifting a step in the square outwards one face of the lattice and adding steps to the other two sides of that face). There are 4(2m + 1) places to add these steps. This procedure gives a set of configurations that are punctured polygons of total perimeter
Hence we can choose L (k)
4(2m+1+k) . So for any value of total perimeter, 2n 12, one can always find k and m so that
For sufficiently large n there are many allowed values of k and m. Next we construct an upper bound U 2n , and then bound this number by an easily calculated valueŪ 2n . Consider an area on the square lattice inside a square of side n − 1 including the boundary of this square, but do not place a square polygon on the boundary as we did for the lower bound above. Any SAP of perimeter less than or equal to 2n can be placed inside such a square by simple translation since the maximum horizontal or vertical extent of such a polygon is n − 1 lattice units. Since any punctured polygon of total perimeter 2n has an outside polygon of perimeter less than or equal to 2n they can always be fitted inside this 'imaginary' bounding square. The bounding square's area has b = 2n 2 − 2n lattice bonds. Now observe that any SAP can be constructed from the concatenation of a number of four-step oriented self-avoiding walks with perhaps the inclusion of a single six-step oriented self-avoiding walk. Hence all punctured polygons of total perimeter 2n can be constructed by placing a number of four-step oriented self-avoiding walks and six-step oriented self-avoiding walks on the square lattice inside the bounding square. Let us now consider the sets of all four-step oriented self-avoiding walks and six-step oriented self-avoiding walks which are unique up to translation and rotation by π/2. Denote their cardinality by c 4 and c 6 respectively. Choose 0 such four-step walks and 1 such six-step walks such that 4 0 + 6 1 = 2n.
(4.10)
In this way we have chosen walks whose total length is 2n. Let = 0 + 1 be the total number of objects chosen at any one time. Place these walks on the square lattice such that the first step of each walk is inside the bounding square described above and such that these first steps are on different bonds of the lattice. By considering all possible placements of all possible sets of 4 and six-step walks chosen with all values of 0 and 1 obeying (4.10) we have constructed a set of configurations that is a superset of the set of punctured polygons of total perimeter 2n.
Note that we have ignored the mutual avoidance of the walks. Let U 2n be the number of fourand six-step walks so placed. Hencê Hence if we definē
we havep st 2n
Now we come to the second part of our work in this section and analyse the dominant asymptotics ofp 2n using our bounds. We make extensive use of the following result: let a(n) n 1 such that lim n→∞ n/a(n) = 0, then This result is also true for SPPs. Our results immediately imply that the free energy, defined by (4.3), is infinite for both staircase and regular self-avoiding punctured polygons. We note in passing that the above bounds also hold for full polyominoes counted by perimeter since in the upper bound mutual avoidance is ignored.
Analysis of SPPs and PPs by perimeter
We have enumerated all SPPs up to and including those of perimeter 130, and all PPs up to and including those of perimeter 86. The bounds obtained in the previous section imply that we should analyse not the ordinary generating function, but rather a modified exponential generating function. The results above imply that the leading asymptotic term is p n ∼ (n/4)! for either a PP or an SPP of perimeter n. Accordingly, we first divided by this factor, and studied the resulting generating functions with coefficients q n = p n /(n/4)!. For SPPs, the coefficients q n obtained in this way increase up to terms corresponding to polygon perimeter 86, and then decreased. For PPs, the corresponding coefficients are monotonically increasing for all coefficients to hand. However the ratio of coefficients is decreasing, and the sequence of ratios extrapolates to a value less than 1, which implies that, for n sufficiently large, the coefficients q n will also reach a maximum and then decrease.
A difficulty in any further analysis is that we have no reasonable expectation as to the sub-dominant asymptotic form. The fact that the terms at first increase and then decrease implies that the sub-dominant form is going to be complicated, involving the interplay of at least two different terms. A plausible first guess is that the next term is of the form q n ∼ µ n . If so, ratios of coefficients r n = q n /q n−1 should converge to µ. The observed behaviour of the coefficients r n implies that we are quite far from the asymptotic regime. Applying a variety of standard extrapolation procedures [9] is inconclusive. For PPs we have some evidence that µ(PP) ≈ 0.6, while for SPPs it appears that µ(SPP) ≈ 0.4. These estimates come from combining the results of five different extrapolation schemes, where the spread of estimates implies that we can only quote one significant digit, and even this is uncertain. In both cases errors of about ±01 would encompass most estimates. We remark in passing that a functional form of the type q n ∼ µ n λ √ n n g is one of a number of possible forms that can give rise to sequences that behave as observed, but our attempts to fit to this form have not been successful.
In an attempt to confirm these tentative extrapolations we studied the ratio of the coefficients of the SPP and PP generating functions. That is, we studied the sequence {r n } where r n = p n (PP)/p n (SPP) = q n (PP)/q n (SPP). In this way the leading asymptotic part of course cancels, and hopefully any sub-sub-dominant terms, such as log n or n g , are weakened. Extrapolating the sequence {r n } should then provide an estimate of the ratio µ(PP)/µ(SPP). This study gave results that were reasonably consistent across several extrapolation techniques, all giving rise to the estimated limit 1.25 ± 0.02. This is consistent with, but more precise than, the individual estimates given above, whose ratios are 1.5 ± 0.5.
Thus we conclude this section with the rather tentative conclusions that the first subdominant term appears to be µ n , where µ(PP) ≈ 0.6 and µ(SPP) ≈ 0.4. Further, we find evidence from the behaviour of the coefficients that the sub-sub-dominant term is stronger than n g .
Critical point renormalization
We have noted [1] that for a k-punctured polygon, the coefficients of the area generating function grow like κ n , with κ = 3.9709 . . . , while PPs (which can have any number of punctures), have coefficients which grow likeκ n whereκ = 3.9805 . . . . One mechanism for the renormalization of the growth constant is given by the kdependence of the amplitudes of the generating function of k-punctured polygons. The proposed mechanism is illustrative rather than definitive. That is to say, we propose a plausible mechanism, but there are others. That is, the singular behaviour is given by an nth-order polylogarithm. The polylogarithm function is singular when its argument is unity, hence it is singular at c = y 1−κy , that is, when 1 − κy − y /c = 0, so that the growth constant is increased. In the special case n = 1, the polylogarithm is a simple logarithm, and we find which is just the behaviour we observe for PPs: that is to say, a renormalized critical point, and an (unchanged) logarithmic singularity, as is observed numerically.
Conclusion
We have investigated polygonal polyominoes and staircase polygonal polyominoes enumerated both by area and perimeter. We have shown that the perimeter generating functions have zero radius of convergence and asymptotic growthp 2n = (2n) n/2+o(n) . Analysis suggests that the sub-dominant term is µ n . Estimates of µ of limited precision are given.
For the area generating function we have proved that η <η < ζ for staircase polygons, SPPs and staircase polyominoes, and κ <κ < τ for polygons, PPs and polyominoes. Numerically we have found 
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